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Abstract: In this paper, we introduce a new index for the connected simple graph G namely, anti

eccentric harmonic index H,(G), defined by, #for all edges uv in G, where e'(v) = v —

e'(v)
e(v). We determine the exact values of H,(G) for some class of graphs and also we found the bound
for H,(G) where G is a graph of order and size n and m, respectively.
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1. Introduction

In this paper, G = (V, E) be simple finite undirected connected graph with vertex set V and
edge set E. Let |[V(G)| = v and |E(G)| = €, be the order and size of the graph G, respectively. For
every vertex v € V, the open neighbourhood N (v), is the set of all vertices that are adjacent to v.
The degree of vertex v ina graph G is d(v) = |N(v)|. A vertex of degree 1 is called pendant vertex.

The cartesian product of two graphs G and H is denoted as GLIH with the vertex set
V(GOH) = V(G) x V(H) in which (u,v) is adjacent to (u',v"), if and only if u = u' and vv’ €
E(H) oruu’' € E(G) and v = v'. A complete graph is one in which every pair of vertices connected
by an edge. A complete graph with m vertices is denoted as K,,,. For m > 2, S,,, denotes the star on
m vertices in which one vertex is adjacent to all other remaining m — 1 vertices. Also Sy, = Kj -1,
see Figure 1.1.
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The friendship graph F, is obt fped ¥ a)rom]gl n cczﬁles of the C3 with a common vertex, which
f the

gra o 'see
Figure 1.1

is also known as universal vertex igure 1.2 for F;.
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In [1] double star and bistar is defined. A double star is a graph obtained by joining an edge to center
of K; , and K, ,,,, forn > m = 2 and it is denoted by B,, ,,,, see Figure 1.3 (a) for B3s. If n = m in
the double star it is called as bistar and is denoted by B,, ,,, see Figure 1.3 (b) for Bs s.

Dedn

A W,, m = 4 denote the wheel on m vertices, in which % vertex is joined to all the vertices of a
cycle C,,_q, sPOEhSRIEEAT B 5 Bistar Bs s

(a) v (b)

igure 1.3

Us 2

2 V3

We- Wheel on 6 vertices.
Figure 1.4
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A topological index is a numerical quatﬁigyrteehited to a graph. In a theoretical chemistry,
topological indices is called as molecular descriptor. In [2], Fajtlowicz introduced an another
topological index named harmonic index, given by

2
I y——
©) d(u) +d)

UveE(G)
In [3] Sowaity et.al., had introduced the eccentric harmonic index as similar to harmonic index,

by considering the eccentricity of the vertices instead of degree of the vertices, which is given by,

2
WO= ) e

uveE(G)
In [4] Sivasankar and Haritha had introduced a topological index named anti harmonic index

given by

2
"O= ) T@raw

UveE(G)
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Various indices are studied by [5, 6, 7, 8, 9, 10, 11, 12]. In similarity with anti harmonic index,
we introduce anti eccentric harmonic index H,(G).
2. Anti Eccentric Harmonic Index for some Graphs
In [4] Sivasankar and Haritha introduced the anti degree of a vertex v in G as d;(v) = v — d; (v).
In this direction we may think of anti eccentricity of a vertex. So we define anti eccentricity of a
vertex v for a connected graph G of order v as e;;(v) = v — e;(v). For any connected graph G,
1<e;(v)<v-—1and1<e;(v) <v—1. Inhelp of anti eccentricity of a vertex we introduce
anti eccentric harmonic index H,(G) of a graph G similar to anti harmonic index H'(G) of a graph
G and we compute the anti eccentric harmonic index for some well-known graphs.
Definition 2.1. The anti eccentric harmonic index H,(G) of a graph G is defined as

2
H,(G) = —_—.
wiElo e'(u) +e'(v)
Theorem 2.2. For n > 2, the anti eccentric harmonic index of star S, is
1 n=2
He(Sn) = {Z(n—l) ‘n>3
2n—3

Proof. The anti eccentric harmonic index of S, is 1. Let V(S,, ) = {vo, V4, ..., Un_1}. For n > 3, the
anti eccentric harmonic index will be

Lol 2 _2(n-1)
He(Sn)—;e,(voHe,(vi) = —

Theorem 2.3. For n > 2, the anti eccentric harmonic index of path P, is

3 1 .
42;1@ :nis odd
! f—
k o1 gt iniseven

Proof. Let V(B, ) = {vy, vy, ..., U}, the anti eccentric harmonic index of B, is

Case 1: If n is odd

n-1

TL

7!

ik = ) )
e(Fn) e(v)+e(vl+1) - Y+l 21+1

i= i=

Case 2: If n is even
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n-1

2 2

Hi(P) = ) et ,

€ (v) + e’ (Vi41) ! (vg) +e’ ( +1>
i#5 2

Theorem 2.4. For m,n > 2, the anti eccentric harmonic index of a double star graph B, ,, is

2(m+n) 1
+ .
2(m+n)—1 m+n

Hé (Bm,n) =

!
Proof. Let V(Bm,n ) = {Ug, Uy, V1, V2, ) Uy Va1 = » Vman - Lhen,
m+n

m 2 2 2
He(Bm,n) = ; e,(uo) + e'(Ul-) + i Z}_le’(ué) + e'(Ui) + er(uo) + e’(ué)).

_ 2
_m((m+n+2—3)+(m+n+2—2))

2
+n<(m+n+2—3)+(m+n+2—2)>

2
m+n+2-2)+(m+n+2-2)

2(m+n) 1
= + .
2(m+n)—1 m+n

O

Remark 2.1. In above Theorem 2.4 if we assume m = n, then the graph becomes a bistar graph.
For which anti eccentric harmonic index is
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4m 1

+ .
dm—1 2m

Hé (Bm,n) =

Theorem 2.5. For n > 4, the anti eccentric harmonic index of wheel W, is

2 nm=4
Hé(Wn)=[n_1+2(n_1)

n=5
n—2 2n—3

Proof. Let V(W, ) = {vy, V1, ..., Un_1}. He(W,,) =2, n=4 is obvious and the anti eccentric
harmonic index of wheel graph for n > 5 is given by

n-1 n-1

2 2
) St
T L)+ e i) | L) el
where the addition i + 1 in suffix of v is taken modulo n — 1.
== () + - D) )
-\ n—2+n-2 n n—-1+n-2/)

_n—1+2(n—1)
n—-2 2n-3°

O

Theorem 2.6. The anti eccentric harmonic index of a self-centered graph G of order v and size €
with eccentricity as k is

, €
He(G) = m

Proof. In a self-centered graph, e(v) = k, for every v € V(G) and e'(v) = v — k. Then,

2 €
He(G) = Z e +ew v-k

UveE(G)

O

Remark 2.2. By using above Theorem 2.6 anti eccentric harmonic index of some self-centered
graph are given by
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Graph v € k- H.(6)
G (eccentri
city of
G)
n n
Zifnis
2
even and 2 :ifniseven
(o n n n 's odd
“Lifn ny1 niso
is odd
n2
——ifm=n
K m+n mn 2 2(7;”; D
min—2 JMF"
™t 4mn )
; Lmis ————:if mand nare even
2mn — (m + n)
even and Amn
c,,c, mn 2mn 1 if mand n are odd
m—1. | 2mn — (m+n-2)
o ifm 4mn o .
is odd kZmn — (m+n_1).lfmlsoddandnlseven
0 m (TZL) 5 mn(m+n — 2)
K,LIK, mn . (m) 2(mn—2)
2
4+ 1if
m is even 6m Fmi
tif mis even
c,0p, | 2m 3m and 3m 6_m2
o is odd
mTHifm —] if miso
is odd
m2
K,,P, 2m m? 2 =D
m —
G)e(H) +v(H)e(G
+v(H)e(G v(G)v(H)] - [k + €]
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Peterse 15
1 1 2 .
n Graph 0 > 8

Theorem 2.7. The anti eccentric harmonic index of friendship graph F,, forn > 1 is

H'(F)— n N 4n
evnS T on—1 4n-1

Proof. Let V(F,) = {UO}U{W,pvi,z |li=1,2, ...,n} see Figure 1.2. The anti eccentric harmonic
index of friendship graph E, is given as

n ) n 2
flethn) = ; e'(ir) + €' (via) Z z e'(vo) +e'(vy;)

i=1 je(1,2}

2 2
:n(2n+1—2+2n+1—2)+Z”<2n+1—2+2n+1—1)'

_n 4 4n
" 2n—-1 4n-—-1

Theorem 2.8. For m,n = 4,

— tifm=n=4
3 8(m—1 10(m—1
N ( )Jr ( )
2m—1 8m —5 im — 3
3 +8(n—1)+10(n—1)
Ho(W,OW,) = 2n—-1 8n-5 4n —3

(m+n—2)( 2 + ! )

2Zmn—5 mn-—3

tifm>5andn =4

tifm=4andn =5

+2(m—-1)(n—1) ( + ) : otherwisem = 5
2Zmn—-7 mn-—4

\ andn =5

Proof.
Case 1. If m = 4 and n = 4. The graph W,[IW, is a self-centered graph. Then from
Theorem 2.6, the anti eccentric harmonic index will be

, 24
He (W4DW4) = 7.
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Case 2. If m > 5 and n = 4. Let V(W,,, ) = {ug, Uy, ..., Uyp—1} and V(W, ) = {vy, v4, v, v3} then
VW, OW,) = {(u,v;) | i=0,1, ..,m—1andj=0,1,2,3} and |W,0O0W, | =4m. As the
eccentricity of vertices in Wy, is either 1 or 2 and the eccenticity of vertices in W, is being 1. In

W,,,[OW,, the eccentricity of each vertex will be either 2 or 3 only, as given below, (see Figure 1.5,
for W,LIW,).

e(uo, vj) =2 forj=0,123.
e(ui,vj) =3fori=12,...m—1land j=0,1,2,3.

The edges of W,,,[dW, have their eccentricity for its end point are only {2,2},{2,3} and {3,3}. The
number of edges with their eccentricities {2,2},{2,3} and {3,3} are only 6,4(m — 1), and
10(m — 1), respectively. For (u,v) € V(W,,0OW,),e'(u,v) = 4m — e(u,v). The anti eccentric
harmonic index of W,,,[1W, is given by

HL (W, OW,) = 6(

4m—2+4m—2>+4(m_1)(4m—2+4m—3)

2
10(m — 1 .
+10(m )<4m—3+4m—3>

Thus,

, 3 8m—1) 10(m—1)
He(WnW,) = 5 — + o~ * am 3

Case 3. If m = 4 and n > 5. As W,,,00W,, = W,,0W,,, it is immediate, by replacing m by n in
previous case.

Cased4.If m > 5andn > 5. Let Let V(W,,, ) = {ug, Uy, -, U—1 } and VW, ) = {vy, v4, ., Vn_1}
then V(W,,0OW,) = {(w;,v;) | i=0,1, ...m—1andj=0,1,..,n— 1} and | W, OW, | = mn.
As the eccentricity of wheel is either 1 or 2. In W,,,[JWW,,, the eccentricity of each vertex will be 2,
3 or 4 only as given below.

e(ug, vg) = 2
e(u;,, vg) =3 fori=0,1,...,m—1
e(uo,vj) =3forj=0,1,..,n—1
e(ui,vj) =4 fori,j#0.

The edges of W,,,dW,, have their eccentricity for its end point are only {2,3}, {3,3},{3,4} and {4,4}.
The number of edges with their eccentricities {2,3}, {3,3},{3,4} and {4,4} areonlym +n —2,m +
608 ACTA SCIENTIAE, 09(1). 2026
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n—2,2(m—1)(n—1) and 2(m — 1)(n — 1), respectively. For (u,v) € V(W,,OW,),e'(u,v) =
mn — e(u, v). The anti eccentric harmonic index of W,,[dW,, is given by

)+ on+n-2)( 2 )

mn—3+mn-—3

HL (W, OW,) = (m +n — 2) <mn—2 —

+2(m—1)(n—1)< : )

mn—3+mn-—4

+2(m—1)(n—1)< : )

mn—4+mn—4

Thus,

2mn-—5 mn-—3 2mn—-7 mn—4

He W OWR) = (m+n = 2) (s + —— ) +2m = D(n - 1) (5o + ——).

O

Theorem 2.9. For m > 4, W,, be the wheel graph with order m and P, be the path with order 2.
Then,

t:m=4
1 4(m—1)+3(m—1).
2(m—-1)  4m-5  2m-3

w|

H, (W, 00P;) =

mz=5

Proof.
Case 1. If m = 4, the graph W,[JP, is a self-centered and by Theorem 2.6, H,(W,IP,) = g.

Case 2. If m >5. Let V(W,,,) = {ug, Uy, ..., Uym—1} and V(P, ) = {v;,v,} then V(W,,[OP,) =
{(ui, v)|i=0,1, ..m—1landj=1, 2} and |W,,00P, | = 2m. As the eccentricity of vertices
in wheel is either 1 or 2 and P, is 1. In W,,,[P,, the eccentricity of each vertex will be 2 or 3 only,
as given below.

e(uo, vj) =2forj=12
e(ui,vj) =3fori=0,1,...m—1landj=1,2.

The edges of W,,,[dP, have their eccentricity for its end point are only {2,2},{2,3} and {3,3}. The
number of edges with their eccentricities {2,2},{2,3} and {3,3} are only 1,2(m — 1) and
3(m — 1), respectively. For (u,v) € V(W,,0P,),e'(u,v) = 2m — e(u,v). The anti eccentric
harmonic index ofW,,[1P, is given by
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2
m-—2+2m-—2

2
3(m —1 .
+3(0m )(Zm—3+2m—3>

+2(m—1)<2 2 )

H. (W, OP,) =
e (WnHIP2) 2 m—2+2m—3

Thus,

, B 1 4m—-1) 3(m—-1)
HeWnDP2) = 5 =5+ =5 T 2m=3"

3. Bounds of Anti Eccentric Harmonic Index

Theorem 3.1. Let G be a graph with order n and size m. Then
<H,(() < ——,
n—r_ e )_n—diam(G)
equality holds if and only if G is self-centered graph.

Proof. Let G be graph with n vertices and m edges, for v;v; € E(G)

Z(n — diam(G)) <n—-e(v)+n-— e(vj) <2(n-r).

So that,
1 1 1

< < :
2(n—1) " n—e() +n—e(v;) " 2(n—diam(G))
Taking summation over all edges of the graph G. We have
m < H,(G) < m .
2(n—1) 2 2(n — diam(G))

m
< H] <—
n—r- He(6) < n — diam(G)
The equality holds if n — e(v;) + n — e(v;) = 2r = 2diam(G), which holds if the graph G is self-

centered. O

Theorem 3.2. Let G be a graph with order n and size m. Then
= < H(6)
n—-1- °¢7

2
n—e(v)+n—e(v;)’

Proof. Let G be graph with n vertices and m edges, for v;v; € E(G), ﬁ < Taking
summation over all edges of G.
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T <H.G)
n—1-""¢"7"

O

Remark 3.1. The bound in Theorem 3.2 is sharp. When G is complete graph, the equality occurs in
this inequality given in Theorem 3.2.

Theorem 3.3. Let T be a tree with order n and size m. Then

< H.(T).
2n—3 < He(T)

Proof. Let T be a tree with n vertices and m edges.

Case 1. For v; € V(T) such that, d(v;) = n — 1. Then the graph will be T = S; ,_;. By Theorem
2.2,

2 2m
He(T) = He(Sl,Tl—l) = Z el(vi) + e’(vj) - 2n—3 '

‘UiVjEE(T)

Case 2. For v; € V(T), such that, d(v;) # n — 1. Then e(v) # 1. Therefore e’ (v;) = n — 2, for all
i =1,2,..,n Thus,

e'(v;) + e’(vj) < 2(n-2).

1 1
> :
e'(v)+e'(v;) 2(n—2)

Taking summation over all edges in T

H¢(T) _m
2 T 2n=-2)
Therefore,
2m < m < T
2n—-3 " n—2" ¢ ):
d
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